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Introduction 
 
The critical load is the maximum load that a structure can support prior to structural 
instability or collapse.  The collapse of the structure is reached when the displacements 
become relatively large for a small load increment.  Thus, the overall stiffness of the 
structure becomes very small at the critical load. 
 
Another perspective is that buckling occurs when a structure converts membrane strain 
energy into bending strain energy. 
 
The buckling problem can be represented in matrix form by the generalized eigenvalue 
problem. 
 
 

[ ][ ] 0isKilK =φλ+                                                                              (1) 
 

 
where 
 

 lK  is the global linear stiffness matrix 
 

sK   is the global differential or initial stress stiffness matrix  
 

 iλ  are the eigenvalues that when multiplied by the applied loading P 
 gives the critical loading Pcr  

 

iφ  are the eigenvectors that represent the buckled mode shapes 
 
 
Again, 

Pcr = iλ P                                                                                        (2) 
 
 
The linear stiffness matrix lK  is matrix that accounts for the elastic strain energy of the 
system. 
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The differential stiffness matrix sK  can also be described as the matrix that accounts for 
the effect that the applied load P has on the stiffness of the flexural member.  It is also the 
matrix that accounts for the work applied against the system.   
 
 
Example 1:  Rigid Column, Hinged at Base, with Rotational Spring 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The total potential energy U is 
 

[ ]θ−−θ= cos1LcrP2
rk

2
1U                                                      (1.1) 

 
Note that for a small angle 
 

  
2

2
1cos θ−≈θ                                                                                     (1.2)  

                                        
 











 θ−−θ=
2

2
1LcrP2

rk
2
1U                                                                     (1.3) 

 

θ

P 

k r 

Pcr 

Lθ  

L 

θrk

[ ]θ− cos1L  

Pcr 
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Apply the principle of stationary potential energy. 
 

0
d
dU =

θ
                                                                                               (1.4) 

 
 

θ−θ=
θ

LcrPrk
d
dU                                                                           (1.5) 

 
 

[ ]θ−=
θ

LcrPrk
d
dU                                                                          (1.6) 

 
The governing equation is thus 

 
[ ] 0LcrPrk =θ−                                                                                (1.7) 

 
Set the determinant equal to zero. 

 
[ ] 0LcrPrkdet =−                                                                              (1.8) 

 
Equation (1.8) can be solved directly for crP .   
 
An alternative method is to apply equation (2), restated as equation (1.9), with an 
arbitrary load P.  Note that this alternative method is often employed in finite element 
analysis of complex structures. 
 

Pcr = iλ P                                                                                      (1.9) 
 

[ ] 0LP rkdet =λ−                                                                          (1.10) 
 

L
rkP =λ                                                                                       (1.11) 

 

L
rk

crP =                                                                                       (1.12) 
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Example 2:  Two Rigid Bars with Springs 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                       
L
1x≈α                                                                                          (2.1)   

 

( )
L
1x

L
2xsin −≈β+α                                                                     (2.2)   

 
 

For small angles, 
 

( )
L
1x

L
2x −≈β+α                                                                           (2.3)   

 

2x2k

Pcr 

k r

L 
Rigid Bar 

L
Rigid Bar 

k2 

k1 

Pcr 

Pcr 

α

β+α  

1x1k

R

βrk  

x1 

x 2 



 

 5

α−−≈β
L
1x

L
2x                                                                        (2.4)   

 

 
L
1x

L
1x

L
2x −−≈β                                                                     (2.5)   

 
 

L
1x2

L
2x −≈β                                                                        (2.6)   

 
 

 

( )( )Lcoscos2crP2
rk

2
12

2x2k
2
12

1x1k
2
1U β+α−α−−β++=           

 
(2.7)   

 
Note that for a small angle 
 

2

2
1cos θ−≈θ                                                                                              (2.8)  

 
 

 

( ) L
2

2
1

2

2
12crP2

rk
2
12

2x2k
2
12

1x1k
2
1U 












 β+α+−α+−−β++=                 (2.9) 

 
 

( ) L
2

2

2

2
crP2

rk
2
12

2x2k
2
12

1x1k
2
1U 












 β+α+α−β++=                              (2.10) 

 

  ( ) 




 −+−






 −++= 2

1x2x2
1x

L2
crP2

L
1x22x

rk
2
12

2x2k
2
12

1x1k
2
1U          (2.11) 

 






 





 +−+−






 −++= 2

1x2x1x22
2x2

1x
L2
crP2

L
1x22x

rk
2
12

2x2k
2
12

1x1k
2
1U  

 
      (2.12) 
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




 +−−






 −++= 2

1x22x1x22
2x

L2
crP2

L
1x22x

rk
2
12

2x2k
2
12

1x1k
2
1U   

 
              (2.13) 

 
 

( )1x42
L2
crP

2L
1x22x

rk21x1kU
1x

+−−






 −−=
∂

∂                                                 (2.14) 

 
                             

( )1x42x2
L2
crP

2L
1xrk42xrk2

1x1kU
1x

+−−






 +−+=
∂

∂                                    (2.15) 

 
 

( )1x22x
L
crP

2L
2xrk2

1x
L

rk4
1kU

1x
+−−−






 +=

∂
∂                                             (2.16) 

 
 

( )1x22x2
L2
crP

2L
1x22x

rk2x2kU
2x

−−






 −++=
∂

∂                                          (2.17) 

 
 

( )1x22x2
L2
crP

1x2L
rk2

2L
2xrk

2x2kU
2x

−−−++=
∂

∂                                        (2.18) 

 
 

( )1x2x
L
crP

1x2L
rk2

2x2L
rk

2kU
2x

−−−







+=

∂
∂                                             (2.19) 

 
 
Apply the principle of stationary potential energy. 
 

0
1x

U =
∂
∂                                                                                                (2.20) 

 

0
2x

U =
∂
∂                                                                                                (2.21) 
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( ) 01x22x
L
crP

2L
2xrk2

1x
L

rk4
1k =+−−−






 +                                             (2.22) 

 

( ) 01x2x
L
crP

1x2L
rk2

2x2L
rk

2k =−−−







+                                                (2.23) 

 
 
 









=
















−

−
−



























+−

−+

0
0

2x
1x

11
12

L
crP

2x
1x

L
rk

2k2L
rk2

2L
rk2

2L
rk4

1k
                                             (2.24) 

 
 

( )
( ) 








=
















−

−
−
















+−

−+
0
0

2x
1x

11
12

crP
2x
1x

L/rkL2kL/rk2
L/rk2L/rk4L1k

                         (2.25) 

 
 
 

( )
( ) 








=

























−

−
−







+−

−+
0
0

2x
1x

11
12

crP
L/rkL2kL/rk2

L/rk2L/rk4L1k
                         (2.26) 

 
 

Set the determinant equal to zero. 
 

 
( )

( ) 0
11
12

crP
L/rkL2kL/rk2

L/rk2L/rk4L1k
det =

















−

−
−







+−

−+
                              (2.27) 

 
 
Equation (2) can be applied to equation (2.27) for an arbitrary load case P. 
 
 

( )
( ) 0

11
12

  P 
L/rkL2kL/rk2

L/rk2L/rk4L1k
det =

















−

−
λ−








+−

−+
                              (2.28) 
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Example 3:  Elastic Column with Applied Discrete Load 
 
The governing differential equation for a column is given by 
 

0
2dx

y2d2k
4dx

y4d =+                                                                (3.1) 

 
where 
 
          k2 = P / EI     
 
 
The product EI is assumed to be constant.                                                                   
 
Equation (3.1) is taken from Reference 1.  It is a homogeneous, forth order, ordinary 
differential equation. 
 
The weighted residual method is applied to equation (3.1).  This method is suitable for 
boundary value problems.  An alternative method would be the energy method. 
 
There are numerous techniques for applying the weighted residual method.  Specifically, 
the Galerkin approach is used in this tutorial.   
 
The differential equation (3.1) is multiplied by a test function )x(φ .  Note that the test 
function )x(φ must satisfy the homogeneous essential boundary conditions.  The essential 
boundary conditions are the prescribed values of Y and its first derivative. 
 
The test function is not required to satisfy the differential equation, however.       
 
The product of the test function and the differential equation is integrated over the 
domain.  The integral is set equation to zero. 
 

0dx2dx

y2d2k4dx

y4d)x( =












+φ∫                                                    (3.2) 

 
 
The test function )x(φ can be regarded as a virtual displacement.  The differential 
equation in the brackets represents an internal force.  This term is also regarded as the 
residual.  Thus, the integral represents virtual work, which should vanish at the 
equilibrium condition. 

 



 

 9

Define the domain over the limits from a to b.  These limits represent the boundary points 
of the entire column. 
 

 

0dxb
a 2dx

y2d2k4dx

y4d)x( =












+φ∫                                                          (3.3) 

 
 

0dx
b
a 2dx

y2d)x(2k
b
a dx4dx

y4d)x( =












φ+












φ ∫∫  

 (3.4) 
 
 

Integrate by parts. 
 

0dxb
a )x(Y

dx
d)x(

dx
d2kb

a dx)x(Y
dx
d)x(

dx
d2k

dxb
a )x(Y3dx

3d)x(
dx
ddxb

a )x(Y3dx

3d)x(
dx
d

=













 φ−



φ+



















 φ−












φ

∫∫

∫∫

 

 
(3.5) 

 
 

0dxb
a )x(Y

dx
d)x(

dx
d2k

b

a
)x(Y

dx
d)x(2k

dxb
a )x(Y3dx

3d)x(
dx
d

b

a

)x(Y3dx

3d)x(

=













 φ−φ+



















 φ−












φ

∫

∫

 

 
(3.6) 

 
Integrate by parts again. 
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0dxb
a )x(Y

dx
d)x(

dx
d2k

b

a
)x(Y

dx
d)x(2k

dxb
a )x(Y2dx

2d)x(EI)x(2dx

2d

dxb
a

)x(Y2dx

2d)x(
dx
d

dx
d

b

a

)x(Y3dx

3d)x(

=













 φ−φ+




































φ+




























 φ−












φ

∫

∫

∫

 

 
(3.7) 

 
 
 

 

0dxb
a )x(Y

dx
d)x(

dx
d2k

b

a
)x(Y

dx
d)x(2k

dxb
a )x(Y2dx

2d)x(EI)x(2dx

2d

b

a

)x(Y2dx

2d)x(
dx
d

b

a

)x(Y3dx

3d)x(

=













 φ−φ+




































φ+




























 φ−












φ

∫

∫  

 
 

(3.8) 
 

  
Consider that the boundary conditions are either fixed or hinged.  This assumption 
applies to equations (3.9) through (3.10). 
 
Note that Y(x) = 0  at the boundaries. 

 

0

b

a

)x(Y3dx

3d)x( =











φ                                                                      (3.9) 
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And 
 

b

a
)x(Y

dx
d)x(2k φ =0                                                                     (3.10) 

 
 

Note that either )x(Y
dx
d  = 0  or  )x(Y2dx

2d = 0 at the boundaries. 

 
 

0

b

a

)x(Y2dx

2d)x(
dx
d =













φ                                                                 (3.11) 

 
 
A free boundary has the following condition, assuming that the end at x=L is free. 
 
 

0

Lx

)x(Y
dx
d2k)x(Y3dx

3d =

=











+                                                   (3.12) 

 
 
This boundary condition is taken from Reference 1, page 21.   
 
An assumption is made for the free boundary condition that 
 
 

  0

Lx

)x(Y3dx

3d ≈

=











                                             (3.13) 

 

  0
Lx

)x(Y
dx
d ≈

=




                                                       (3.14) 

 
 
Thus equations (3.10) and (3.11) are assumed to apply for the free boundary condition. 
 
On the other hand, the free boundary condition requires that 
 

 
0)L(Y ≠                                                                           (3.15) 
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The approximations in equations (3.13) and (3.14) are rather tentative.   
 

This tutorial will later show that the effect of the 
Lx

)x(Y
dx
d

=




   term is diminished 

as the element length decrease.   
 
Nevertheless, a more rigorous justification is desired.  The author continues to search for 
one. 
 
Thus equation (3.8) becomes 
 

0dxb
a )x(Y

dx
d)x(

dx
d2kdxb

a )x(Y2dx

2d)x(2dx

2d =













 φ−




































φ ∫∫

 

 
(3.16) 

 
 

 

Now express the displacement function Y(x) in terms of nodal displacements 1jy −  and 

jy  as well as the rotations 1j−θ  and jθ  . 

 
hjxh)1j(,hLhLyLyL)x(Y 1j41j3j21j1 <<−θ+θ++= −−−             (3.17) 

 
Note that h is the element length.  In addition, each L coefficients is a function of x. 
 
Now introduce a nondimensional natural coordinate ξ . 

 
h/xj −=ξ                                                                                   (3.18) 

 
Note that h is the segment length. 

 
The displacement function becomes. 
 

10,hLyLhLyL)(Y 1j4j31j21j1 <ξ<θ++θ+=ξ −−−                    (3.19) 
 
The slope equation is 

 
10,h'Ly'Lh'Ly'L)('Y 1j4j31j21j1 <ξ<θ++θ+=ξ −−−                 (3.20) 
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The displacement function is represented terms of natural coordinates in Figure 3.1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                       

 
Figure 3.1 

 
 
Represent each L coefficient in terms of a cubic polynomial.  
 

3
4i

2
3i2i1ii ccccL ξ+ξ+ξ+= ,              i =1, 2, 3, 4  

 
(3.21) 

 
{ }
{ }
{ }
{ } 10,hcccc

ycccc

hcccc

ycccc)(Y

j
3

44
2

342414

j
3

43
2

332313

1j
3

42
2

232212

1j
3

41
2

312111

<ξ<θξ+ξ+ξ++

ξ+ξ+ξ++

θξ+ξ+ξ++

ξ+ξ+ξ+=ξ

−

−

 

 
(3.22)  

 
 
 

x (j-1) h j h 

1jy − jyY(x) 

ξ

1j−θ

jθ

h 
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A complete derivation of the coefficients is given in Reference 3.  The displacement 
equation becomes 
 
 

 
{ } { }

{ } { } 10,h2y231

hy23)(Y

j
32

j
32

1j
32

1j
32

<ξ<θξ−ξ+ξ−+ξ+ξ−+

θξ−ξ+ξ−ξ+=ξ −−
 

 (3.23) 
 

Recall 
 

h/xj −=ξ                                                                                                           (3.24) 
 
Thus 
 

h/dxd −=ξ                                                                                                           (3.25) 
 

dxdh =ξ−                                                                                                              (3.26) 
 

h/1
dx
d −=ξ                                                                                                             (3.27) 

 
Note 
 

ξ
ξ=

d
d

dx
d

dx
d                                                                                                           (3.28) 

 
 

{ } { }
{ } { }

10,h/xj,jhxh)1j(

,h2y231

hy23)x(Y

j
32

j
32

1j
32

1j
32

<ξ<−=ξ≤≤−

θξ−ξ+ξ−+ξ+ξ−+

θξ−ξ+ξ−ξ+= −−

 

 (3.29) 
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{ }

10,h/xj,jhxh)1j(

,jh2341jy266

1jh2321jy266h/1)x(Y
dx
d

<ξ<−=ξ≤≤−



θ



 ξ−ξ+−+



 ξ+ξ−+





−θ



 ξ−ξ+−



 ξ−ξ−=

 

 (3.30) 
 
 

{ } [ ] [ ]{
[ ] [ ] }

10,h/xj,jhxh)1j(

,h64y126

h62y126h/1)x(Y
dx

d

jj

1j1j
2

2

2

<ξ<−=ξ≤≤−

θξ−+ξ+−+

θξ−+ξ−= −−

 

 (3.31) 
 
 

Now Let 
 

h/xj,jhxh)1j(,aL)x(Y T −=ξ≤≤−=                                           (3.32) 
 

where 
 

32
1 23L ξ−ξ=                                                                                                           (3.33) 

 
32

2L ξ−ξ=                                                                                                               (3.34) 
 

32
3 231L ξ+ξ−=                                                                                                    (3.35) 

 
32

4 2L ξ−ξ+ξ−=                                                                                                    (3.36) 
 

[ ]Tjj1j1j hyhya θθ= −−                                                                           (3.37) 
 
 

The derivative terms are 
 

h/xj,jhxh)1j(,a'L
h
1)x(Y

dx
d T −=ξ≤≤−







 −=                       (3.38) 



 

 16

                                   
 

h/xj,jhxh)1j(,a"L
h

1)x(Y
dx

d T
22

2
−=ξ≤≤−








=                     (3.39) 

 
Note that primes indicate derivatives with respect to .ξ  
 
In summary. 
 
 





















ξ−ξ+ξ−
ξ+ξ−

ξ−ξ
ξ−ξ

=

32

32
32

32

2
231

23

L  

 (3.40) 
 





















ξ−ξ+−
ξ+ξ−

ξ−ξ
ξ−ξ

=

2

2
2

2

341
66

32
66

'L  

 (3.41) 
 



















ξ−
ξ+−

ξ−
ξ−

=

64
126
62

126

"L  

 (3.42) 
 
 
Recall 
 

0dxb
a )x(Y

dx
d)x(

dx
d2kdxb

a )x(Y2dx

2d)x(2dx

2d =













 φ−




































φ ∫∫

  

 
(3.43) 

 
 
 



 

 17

The essence of the Galerkin method is that the test function is chosen as 
 

)x(Y)x( =φ                                                                                                     (3.44) 
 
 
Thus 

0dxb
a )x(Y

dx
d)x(Y

dx
d2kdxb

a )x(Y2dx

2d)x(Y2dx

2d =













−




































∫∫

 

(3.45) 
 

 

0dxb
a )x(Y

dx
d)x(Y

dx
d2kdxb

a )x(Y2dx

2d)x(Y2dx

2d =













−




































∫∫

 

(3.46) 
 
 

Change the integration variable using equation (3.46).  Also, apply the integration limits. 
 

0d1
0 )x(Y

dx
d)x(Y

dx
d2khd1

0 )x(Y2dx

2d)x(Y2dx

2dh =ξ













−ξ




































∫∫   

(3.47) 
 

The following transformation is taken from Reference 3. 
 
Let 
 

h/xj,jhxh)1j(,aL)x(Y T −=ξ≤≤−=                                           (3.48) 
 

where 
 

32
1 23L ξ−ξ=                                                                                                           (3.49) 

 
32

2L ξ−ξ=                                                                                                               (3.50) 
 

32
3 231L ξ+ξ−=                                                                                                    (3.51) 
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32
4 2L ξ−ξ+ξ−=                                                                                                    (3.52) 

 
[ ]Tjj1j1j hyhya θθ= −−                                                                           (3.53) 

 
 

The derivative terms are 
 

    h/xj,jhxh)1j(,a'L
h
1)x(Y

dx
d T −=ξ≤≤−







 −=                        (3.54) 

 
h/xj,jhxh)1j(,a"L

h

1)x(Y
dx

d T
22

2
−=ξ≤≤−








=                              (3.55) 

 
Note that primes indicate derivatives with respect to .ξ  
 
In summary. 
 
 





















ξ−ξ+ξ−
ξ+ξ−

ξ−ξ
ξ−ξ

=

32

32
32

32

2
231

23

L  

 (3.56) 
 





















ξ−ξ+−
ξ+ξ−

ξ−ξ
ξ−ξ

=

2

2
2

2

341
66

32
66

'L  

 (3.57) 
 



















ξ−
ξ+−

ξ−
ξ−

=

64
126
62

126

"L  

 (3.58) 
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Recall 
 
 

01
0 daT'L

h
1aT'L

h
12kh

d1
0

aT"L2h

1aT"L2h

1h

=ξ





























−

ξ




















































∫

∫
  

(3.59) 
 
 
 

01
0 daT'LaT'L

h

2k

d
1
0 aT"LaT"L3h

1

=ξ
























−

ξ





























∫

∫
  

(3.60) 
 

01
0 daT'L'LTa

h

2k

d
1
0 aT"L"LTa3h

1

=ξ
























−

ξ





























∫

∫
  

(3.61) 
 
 

{ } { } 01
0 daT'L'LTa

h

2kd1
0 aT"L"LTa3h

1 =ξ












−ξ








∫∫   

 
(3.62) 
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{ } { } 0a1
0 dT'L'L

h

2kd1
0

T"L"L3h

1Ta =












ξ












−ξ








∫∫              (3.63) 

 
 

{ } { } 01
0 dT'L'L

h

2kd1
0

T"L"L3h

1 =ξ












−ξ








∫∫                       (3.64) 

 
 

For a system of n elements, 
 

n,...,2,1j,0jG2kjK ==−                                                       (3.65) 
 
where 
 

{ } ξ







= ∫ d1

0
T"L"L3h

1
jK                                                              (3.66) 

 

{ }∫ ξ





= 1

0 dT'L'L
h
1

jG                                                                   (3.67) 

 
 
 

This linear stiffness term is derived in Reference 3. 
 

ξ





















ξ+ξ−
ξ−ξ+−ξ+ξ−

ξ+ξ−ξ−ξ+−ξ+ξ−
ξ+ξ−ξ−ξ+−ξ+ξ−ξ+ξ−










=

∫ d1
0

2364816

2728424214414436

2363682726012236244

27284242144144362726012214414436

3h

1

jK

                                                                             
 (3.68) 

 
 
Note that only the upper triangular components are shown due to symmetry. 
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

















−
−

−









=

4
612

264
612612

3h

1
jK  

(3.69) 
 
 

The global differential matrix is calculated as follows. 
 
 





 ξ−ξ+−ξ+ξ−ξ−ξξ−ξ





















ξ−ξ+−
ξ+ξ−

ξ−ξ
ξ−ξ

=

2341266232266

2341

266

232

266

T'L'L  

  
(3.70) 

 
 



















=

44a
34a33a
24a23a22a
14a13a12a11a

T'L'L  

(3.71) 
 
 






 ξ−ξ




 ξ−ξ= 26626611a                                                                      (3.72) 

 
43637223611a ξ+ξ−ξ=                                                                           (3.73) 

 






 ξ−ξ




 ξ−ξ= 23226612a                                                                      (3.74) 

 
41833021212a ξ+ξ−ξ=                                                                           (3.75) 

 
 






 ξ+ξ−




 ξ−ξ= 26626613a                                                                   (3.76) 
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43637223613a ξ−ξ+ξ−=                                                                        (3.77) 

 
                             






 ξ−ξ+−




 ξ−ξ= 234126614a                                                               (3.78) 

                             
41831832422426614a ξ+ξ−ξ−ξ+ξ+ξ−=                                           (3.79) 

 
418342230614a ξ+ξ−ξ+ξ−=                                                                 (3.80) 

 






 ξ−ξ




 ξ−ξ= 23223222a                                                                       (3.81) 

 
493122422a ξ+ξ−ξ=                                                                              (3.82) 

 






 ξ+ξ−




 ξ−ξ= 26623223a                                                                  (3.83) 

 
41833021223a ξ−ξ+ξ−=                                                                        (3.84) 

 






 ξ−ξ+−




 ξ−ξ= 234123224a                                                              (3.85) 

                             
49363122823224a ξ+ξ−ξ−ξ+ξ+ξ−=                                                 (3.86) 

 
49318211224a ξ+ξ−ξ+ξ−=                                                                    (3.87) 

 
 






 ξ+ξ−




 ξ+ξ−= 26626633a                                                                (3.88) 

 
43637223633a ξ+ξ−ξ=                                                                           (3.89) 

 






 ξ−ξ+−




 ξ+ξ−= 234126634a                                                            (3.90) 

 
41831832422426634a ξ−ξ+ξ+ξ−ξ−ξ=                                               (3.91) 

 



 

 23

418342230634a ξ−ξ+ξ−ξ=                                                                    (3.92) 
 

 






 ξ−ξ+−




 ξ−ξ+−= 2341234144a                                                          (3.93) 

                             
49312233122164234144a ξ+ξ−ξ+ξ−ξ+ξ−ξ+ξ−=                            (3.94) 

 
493242228144a ξ+ξ−ξ+ξ−=                                                                 (3.95) 

 
 

Recall 

{ }∫ ξ





= 1

0 dT'L'L
h
1

jG                                                                   (3.96) 

 
 
                             

{ } { }∫∫ ξξ+ξ−ξ=ξ 1
0 d4363722361

0 d11a                                 (3.97) 

 

{ } { }1
0

5)5/36(418312
1
0 d11a ξ+ξ−ξ=ξ∫                                    (3.98) 

{ } )5/36(18121
0 d11a +−=ξ∫                                                       (3.99) 

{ }
5
61

0 d11a =ξ∫                                                                             (3.100) 

 
                             

{ } { }∫∫ ξξ+ξ−ξ=ξ 1
0 d4183302121

0 d12a                              (3.101) 

 
 

{ } ( )
1

0
55/184)2/15(341

0 d12a ξ+ξ−ξ=ξ∫                                  (3.102) 
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{ } ( )5/18)2/15(41
0 d12a +−=ξ∫                                                 (3.103) 

 
 

{ }
10
11

0 d12a =ξ∫                                                                        (3.104) 

 
 

{ } { }∫∫ ξξ−ξ+ξ−=ξ 1
0 d4363722361

0 d13a                               (3.105) 

 

{ }
1

0
5)5/36(4183121

0 d13a ξ−ξ+ξ−=ξ∫                                      (3.106) 

 

{ } )5/36(18121
0 d13a −+−=ξ∫                                                          (3.107) 

 
 

{ }
5
61

0 d13a −=ξ∫                                                                            (3.108) 

 

  { } { } ξξ+ξ−ξ+ξ−=ξ ∫∫ d1
0

4183422306d1
0 14a                                     (3.109) 

 
 

{ } 1
0

5
5

184
2
2131023d1

0 14a






 ξ+ξ−ξ+ξ−=ξ∫                                     (3.110) 

 

{ }






 +−+−=ξ∫ 5

18
2
21103d1

0 14a                                                        (3.111) 

 

{ }
10
1d1

0 14a =ξ∫                                                                                   (3.112) 

 
 

{ } { }∫∫ ξξ+ξ−ξ=ξ 1
0 d49312241

0 d22a                                    (3.113) 
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{ } ( ) ( ){ }1

0
55/94333/41

0 d22a ξ+ξ−ξ=ξ∫                                    (3.114) 

 
 

{ } ( ) ( )5/933/41
0 d22a +−=ξ∫                                                   (3.115) 

 
 

{ }
15
21

0 d22a =ξ∫                                                                        (3.116) 

 
 

{ } { }∫∫ ξξ−ξ+ξ−=ξ 1
0 d4183302121

0 d23a                                    (3.117) 

 

{ } ( ) ( ){ } 1

0
55/1842/15341

0 d23a ξ−ξ+ξ−=ξ∫                                    (3.118) 

 

{ } ( ) ( )5/182/1541
0 d23a −+−=ξ∫                                                         (3.119) 

 

{ }
10
11

0 d23a −=ξ∫                                                                                (3.120) 

 
 
 

{ } { }∫∫ ξξ+ξ−ξ+ξ−=ξ 1
0 d4931821121

0 d24a                                  (3.121) 

 

{ } ( ) ( ) ( ){ }1
0

55/942/933/1121
0

d24a ξ+ξ−ξ+ξ−=ξ∫                        (3.122) 

 
 

 { } ( ) ( ) ( ){ }5/92/93/111
1
0 d24a +−+−=ξ∫                                           (3.123) 

 

{ } 30/1
1
0 d24a −=ξ∫                                                                             (3.124) 
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{ } { }∫∫ ξξ+ξ−ξ=ξ
1
0 d436372236

1
0 d33a                                          (3.125) 

 

{ } { } 1

0
5)5/36(4183121

0
d33a ξ+ξ−ξ=ξ∫                                            (3.126) 

 
 

{ } )5/36(1812
1
0 d33a +−=ξ∫                                                              (3.127) 

 
 

{ } 5/6
1
0 d33a =ξ∫                                                                                     (3.128) 

 
 

                             

{ } { }∫∫ ξξ−ξ+ξ−ξ=ξ
1
0 d4183422306

1
0 d34a                                        (3.129) 

 
 

{ } ( ) ( ){ } 1

0
55/1842/21310231

0
d34a ξ−ξ+ξ−ξ=ξ∫                                   (3.130) 

 
 

{ } ( ) ( ){ }5/182/21103
1
0 d34a −+−=ξ∫                                                    (3.131) 

 
 

{ } 10/1
1
0 d34a −=ξ∫                                                                                    (3.132) 

 
 
 
 

{ } { }∫∫ ξξ+ξ−ξ+ξ−=ξ
1
0 d4932422281

1
0 d44a                                 (3.133) 

 
 

{ } { } 1

0
5)5/9(463)3/22(241

0
d44a ξ+ξ−ξ+ξ−ξ=ξ∫                               (3.134) 
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{ } { })5/9(6)3/22(411
0 d44a +−+−=ξ∫                                                  (3.135) 

 
 

{ } 15/2
1
0 d44a =ξ∫                                                                                 (3.136) 

 

      





































−

−−

−







=

15
2

10
1

5
6

30
1

10
1

15
2

10
1

5
6

10
1

5
6

h
1

jG
 

(3.137) 
 

 
                             



















−
−−

−







=

4
336
134

336336

h30
1

jG                                                            (3.138) 

 
 
 
The linear stiffness matrix in equation (3.69) and the global differential matrix in 
equation (3.138) can be assembled to form global stiffness matrices for the generalized 
eigenvalue problem in equation (3.65). 
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As an example, consider the fixed-free column in Figure 3.2, with length L.  Divide the 
column into eight elements of equal length.  Assemble the global linear stiffness and 
global differential matrices.  Then solve for the first eigenvalue using a numerical method 
such as the Jacobi method. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3.2 
 
 

The mode shape corresponding to the first eigenvalue is shown in Figure 3.3. 
 
 
 
 
 
 
 
 
 
 
 
 
 

oM

δ  

P 

P 
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1

2

3

4

5

6

7

8

9

10

0

Deflection

N
od

e

BUCKLING MODE SHAPE
FIXED-FREE COLUMN WITH APPLIED LOAD AT FREE END

 
Figure 3.3 
 
 
The first eigenvalue is  

 

0.038543
EI

2hcrP =                                                                     (3.139) 

 

 2h

EI0.038543crP =                                                                    (3.140) 

 
   h = L / 8                                                                                        (3.141) 

 

( )2L/8

EI0.038543crP =                                                               (3.142) 
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2L

EI2.467 crP =            (via finite element method)                (3.143) 

 
        

The theoretical value from References 1 and 2 is 
 

2L

EI2.467 2l4

EI2
crP ≈π=          (theory)                       (3.144) 

 
 

Thus, the finite element method yields the exact answer to three decimal places. 
 
 
Lower End Fixed, Upper End Free Column with Distributed Body Weight Load 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.1 
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Model the column in Figure 4.1 with eight elements and nine nodes.   
 
 
Let 

 
P = q L                                                                                    (4.1) 

 
 
Model the distributed body load as a series of discrete nodal forces as shown in Figure 
4.2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4-2. 
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Thus, each element will have a unique different stiffness matrix jG . 

 
 

The mode shape corresponding to the first eigenvalue is shown in Figure 4.3. 
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Figure 4.3 
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The first eigenvalue is 
 

 

0.94806
EI

2hcrP =                                                                       (4.2) 

 

 2h

EI0.94806crP =                                                                    (4.3) 

 
   h = L / 8                                                                                        (4.4) 

 

( )2L/8

EI0.94806crP =                                                                (4.5) 

 

2L

EI7.584crP =                                                                         (4.6) 

 
 

( ) 2L

EI7.584crLq =          (finite element value)                          (4.7)                              

 
 
The theoretical value from Reference 1 is  
 

 

( ) 2L

EI837.7
crLq =           (theory)                                               (4.8) 

 
 

The finite element value is thus 3.2% lower than the theoretical value. 
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