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Introduction

The critical load is the maximum load that a structure can support prior to structural
instability or collapse. The collapse of the structure is reached when the displacements
become relatively large for a small load increment. Thus, the overall stiffness of the
structure becomes very small at the critical load.

Another perspective is that buckling occurs when a structure converts membrane strain
energy into bending strain energy.

The buckling problem can be represented in matrix form by the generalized eigenvalue
problem.

[Kj+1; Kg Jlo;]=0 (1)

K1  is the global linear stiffness matrix
Kg  is the global differential or initial stress stiffness matrix

A are the eigenvalues that when multiplied by the applied loading P

gives the critical loading P,

d; are the eigenvectors that represent the buckled mode shapes

Again,
Per=AjiP ()

The linear stiffness matrix K is matrix that accounts for the elastic strain energy of the
system.



The differential stiffness matrix Kg can also be described as the matrix that accounts for

the effect that the applied load P has on the stiffness of the flexural member. It is also the
matrix that accounts for the work applied against the system.

Example 1: Rigid Column, Hinged at Base, with Rotational Spring
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The total potential energy U is
1.2
U:Ekre —Pep L[1-cosH | (1.1)
Note that for a small angle
cosO=1- ﬁ (1.2)
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Apply the principle of stationary potential energy.

du

== -0 1.4
B (1.4)
dU

du

The governing equation is thus
[k;—PsL]6=0 (1.7)
Set the determinant equal to zero.
det [k — P L]=0 (1.8)
Equation (1.8) can be solved directly for Pg.

An alternative method is to apply equation (2), restated as equation (1.9), with an
arbitrary load P. Note that this alternative method is often employed in finite element
analysis of complex structures.

Per= AiP (1.9)
det [k, —APL]=0 (1.10)
k
AP=-L 1.11
L (1.11)
k
P.r =Tr (1.12)



Example 2: Two Rigid Bars with Springs
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=<« _"1_q 2.4
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X2 _X1_X1
~22 2 2.5
B L L L (2.5)
X2 2X]
=~ 2.6
p="2-= 2.6)
1 1
U= Ekl x12 +5k2 x22 +5kr [32 —Pgr (2 —cosa—cos(o+B) )L
(2.7)
Note that for a small angle
02
cosf=1-— (2.8)
2 2
U——k1x12+—k2x22+%krB2—Pcr(2—l+——1+(a+B) JL (2.9)

2 2
U= %kl X12 +%k2 x22 +%kr[32 —Per [%+w}4 (2.10)

U= Lipxq2 4 1y xo2 + Ly [ X222 2—Pcr(xz+(x —x)2j (2.11)
Skix1” 4 ko x4 ke = o K17k -x :

U—lk x2+lk X 2+lk X2 —2X] 2_Pcr(x2+(x 2—2xx +X2D
5 1X1 5 2X2 5T L oL 1 2 1X2 1

(2.12)



1 2 1 2 1 x2—2x12 P, 2 2
Uzzklxl +5k2x2 +5kr( j — Cr(xz —2X1X2+2X1)

L 2L
(2.13)
d X2 —2x1 | Per
—U=k;x1 -2k - —2+4x 2.14
5y U kix r( 2 J o ¢ 1) (2.14)
iU =kix1+ ~2kpxp +akexp | Por (-2x9 +4x1) (2.15)
0Xx] 12 2L
Iy =(k1 + 4ka><1 _2kixy _ For (-x7 +2x1) (2.16)
aXI L2 L
U=+koxo +k - 2x9 —2x 2.17
P 2X2 r( 2 J o (2x2-2x1) (2.17)
kexp 2k P,
U=+kpxp+-15-Fx - (2x9 - 2x 2.18
P 2X2+= 95X o (2x2-2x1) (2.18)
0 k 2k
U= [k2+ ;};2 ——2rX1 L (xy —x1) (2.19)
X2 L L
Apply the principle of stationary potential energy.
Y =0 (2.20)
0x1
KSR =0 (2.21)
%)



(kl + 4llir Jxl - 2krx2 - P]Cj (—xz + 2x1) =0

{k2+—r}xz “ 2y P (xy - xp) =0

ke _2ke
12 12 |[x1] Pl 2 -1)x 0
2k K +kr XD L|-1 1]{x 0
2 L

kiL+(4k. /L)  —2k./L [xg o | 2 U] _fo
—2k; /L koL+(k/L)||xo| |1 1xo| |0

kiL+(4k;/L)  —2k,/L o | 2 MU x| _]o
—2k; /L koL+(k/L)| “|-1 1 |[|x2] |0
Set the determinant equal to zero.
k1L +(4k, /L -2ky/L 2 -1
det 1 ( T ) T _ PCI. _ 0
—2k; /L kpL+(k;/L) -1 1
Equation (2) can be applied to equation (2.27) for an arbitrary load case P.

kiL+(4k; /L)  —2k./L 2 -1
2k /L koL +(k;/L) -1 1

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)



Example 3: Elastic Column with Applied Discrete Load

The governing differential equation for a column is given by
y 247y

— 4k —=L = 1
4 2 0 3.1

where

=P /EI

The product El is assumed to be constant.

Equation (3.1) is taken from Reference 1. It is a homogeneous, forth order, ordinary
differential equation.

The weighted residual method is applied to equation (3.1). This method is suitable for
boundary value problems. An alternative method would be the energy method.

There are numerous techniques for applying the weighted residual method. Specifically,
the Galerkin approach is used in this tutorial.

The differential equation (3.1) is multiplied by a test function ¢(x). Note that the test
function ¢(x) must satisfy the homogeneous essential boundary conditions. The essential
boundary conditions are the prescribed values of Y and its first derivative.

The test function is not required to satisfy the differential equation, however.

The product of the test function and the differential equation is integrated over the
domain. The integral is set equation to zero.

4 2
[ o) {d—i+k2d—;}dx:0 3.2)
dx dx

The test function ¢(x)can be regarded as a virtual displacement. The differential
equation in the brackets represents an internal force. This term is also regarded as the
residual. Thus, the integral represents virtual work, which should vanish at the
equilibrium condition.



Define the domain over the limits from a to b. These limits represent the boundary points
of the entire column.

4 2
j: o(x) {d—Z+k2d—y} dx =0 (3.3)

dx dx2

dty 2 d2y
O(x)s— pdx + k7| O(x)y—= rdx=0
j Pl I 2

dx
(3.4)
Integrate by parts.
bd d3 d3
ad—x{mx)cb(—g(x) }dx j{ o(x )H —Y(x)}
2L o0 v | a2 Locoff Lveo fax=o
(3.5)
b
d3 b[d d3
{¢(x)¢(—3Y<x) -] {d—qux)} Y0 e
a
d b
k2 o(x) < Y(x kzj { o(x )H —Y(x)} -0
dx a
(3.6)

Integrate by parts again.



b

d3 b d d?
{¢(x)¢(—3Y(x) } - I, dx{[ o(x )} {TY(X)H
2 2
N { {d—mx)] [EI(x)d—Y<x)] }
dx? dx?

b
- k2¢(x) —k2 [, { o(x >H —~Y(x) } =0
(3.7)
b b
a3 d d?
{d)(X) —3 Y(x) } - H—q)(X)} [—Y(X)] }
dx dx dx?
a a
2 2
b d d
+ —0(x) | | EI(x)—=Y(x) | pdx
J.a { l:dx ] [ dX2 ] }
b
#1200 < ), { o(x )H Y0 } =0
(3.8)
Consider that the boundary conditions are either fixed or hinged. This assumption
applies to equations (3.9) through (3.10).
Note that Y(x) =0 at the boundaries.
b
d3
{¢<x) “SY() } =0 (3.9)
dx N
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And

b
k2 o) -Lv(x)| =0 (3.10)
dx a
d d?
Note that either —Y(x) =0 or —=Y(x)= 0 at the boundaries.
dx dx?
b
d d?
——0(x) —Y(x) =0 (3.11)
dx dx
a

A free boundary has the following condition, assuming that the end at x=L is free.

3
[d—Y(x)+k2iY(x)] =0 (3.12)
x> dx

x=L

This boundary condition is taken from Reference 1, page 21.

An assumption is made for the free boundary condition that

e

—3Y(X) =0 (3.13)

dx <=L

|:iY(X):| =0 (3.14)
dx x=L

Thus equations (3.10) and (3.11) are assumed to apply for the free boundary condition.

On the other hand, the free boundary condition requires that

Y(L) #0 (3.15)

11



The approximations in equations (3.13) and (3.14) are rather tentative.

This tutorial will later show that the effect of the [diY(x)} term is diminished
X

x=L
as the element length decrease.

Nevertheless, a more rigorous justification is desired. The author continues to search for
one.

Thus equation (3.8) becomes

s {iw >] [i—zY(@] dx —kzj{ o(x )H—Y(x)} - 0

(3.16)

Now express the displacement function Y(x) in terms of nodal displacements y -1 and

yj as well as the rotations 6 j_j and 8 ;
Y(x)=L; Yi-1+ Lo yj +L3 hej_l + Ly hej_l , (j—Dh <x<jh (3.17)
Note that h is the element length. In addition, each L coefficients is a function of x.
Now introduce a nondimensional natural coordinate § .
E=j—x/h (3.18)

Note that h is the segment length.

The displacement function becomes.
Y€ =Ly yj1+Lyh0j 1 +L3yj +Lgh0jy, 0 <&<I (3.19)
The slope equation is

Y'€)=Li'yj1 +La'h6j +L3'yj +Lg'h6j, 0 <E<I (3.20)

12



The displacement function is represented terms of natural coordinates in Figure 3.1.

0]

Yi-1 Y(x) Yj

G-h x ih

Figure 3.1

Represent each L coefficient in terms of a cubic polynomial.

Li = cjj +cip&+cizb +c4 82, i=1,2,3,4
(3.21)
_{ 2 3} .
Y(©) =\cr1t+e128+c138" +c148 [yj
2 3
+{021+022§+023i +c248 }]191'—1
2 3
+{C31+032§+C33§ +c348 }Yj
+{041+C42&+C43§2+C44§3}h9j, 0 <&<l
(3.22)
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A complete derivation of the coefficients is given in Reference 3. The displacement

equation becomes

Y©=+{382-28fy; +1 - Jne;
+{1-3 §2+2§3}yj +{—§+2§2-§3}hej ,

Recall
E=j—x/h
Thus
d§ =—dx/h
—hdg =dx
g—iz—l/h
Note
4_4&4d
dx dx d§

Yo =+1382-283fy;y +1 -8 fno;
+{1—3 §2+2§3}yj +{—§+2§2—E_,3}h9j :

(j-Dh<x<jh, &=j-x/h, 0 <E<l

14

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)



%Y(x) ={—1/h}{ [ 6 &—6&2} i1+ [2§—3&2} h6j—1
+[ -6 §+6&2} Yj +[ —1+4E,,—3E_,2}h9j }

(j-Dh<x<jh, E=j-x/h, 0 <&<l

(3.30)
v - (i)
v ={1/h?{[6-12E]yi s +[2-68]h0;
dx?2
+[-6 +12E]y; +[4-6&]he; |,
(j-Dh<x<jh, E=j-x/h, 0 <&<l
(3.31)
Now Let
Yx)=L' a, (j-Dh<x<jh, &=j-x/h (3.32)
where
L =382 -283 (3.33)
Ly=¢8-¢ (3.34)
Ly=1-3 &2 428> (3.35)
Ly=-E+282 83 (3.36)
52[ Yi-1 hej_l Yj hej ]T (3.37)
The derivative terms are
d -1} ., T- . . .
—YXx)=|—| L' " a, (j-Dh<x<jh, E=j—x/h (3.38)
dx h

15



2
d—Y(x) (lzj L_"T a, (j-Dh<x<jh, £E=j—x/h (3.39)
dx h

Note that primes indicate derivatives with respect to &.

In summary.

g ]
g2-¢3
1-3 24283
—g+282 -8

le
Il

(3.40)

6&- 682
28 - 387
—6 E+6E2
—1+4E-3E2 |

-
[

(3.41)

6-12€
| o2-6t
= -6 +12¢
4-68
(3.42)

Recall

N { {fwx)] [i—zwx)H —kzy{ ox >}{ —Y<x>} _

(3.43)

16



The essence of the Galerkin method is that the test function is chosen as

d(x) =Y (x) (3.44)
Thus

0[] [rve] ol o o -

(3.45)

2 2
b d d 2¢b) d d _
ja { [dTY(X)] [dx—zY(X)} }dx —k ja {d—XY(X)H L Y® }dx =0

(3.46)

Change the integration variable using equation (3.46). Also, apply the integration limits.

h jé { {L—ZY(X)] [;%Y(x)] }d& hkzjo{ Y (x )H —Y(x) }dgzo

(3.47)
The following transformation is taken from Reference 3.
Let
Y(x):i a, (j-Dh<x<jh, E=j-—x/h (3.48)
where
L =382-283 (3.49)
L,=¢£2-¢3 (3.50)
Ly=1-3 &2 +28> (3.51)

17



Ly=-E+282 83 (3.52)

5=[ Yi-1 h6j1 yj ho; ]T (3.53)

The derivative terms are

iY(x)z _—1 I;'TE, (j-Dh<x<jh, £=j—x/h (3.54)
dx h
d2 1 T
—YX)=|—| L" a, (j-Dh<x<jh, £E=j—x/h (3.55)
dx2 h2

Note that primes indicate derivatives with respect to &.

In summary.

BERTE
£2 g3
1-3 24283
-£+28% -3 |

le
Il

(3.56)

6&—68>
Lo 26-3¢°
—6 E+6E2
—1+4E-3E2 |

(3.57)

6-12€
| o2-6t
= -6 +128
4-68
(3.58)

18



ecall
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(3.59)

(3.60)

(3.61)

! a}ag:o

(3.62)



)6 e emhe () et Jagemn 0

h3

fL]ﬁ{z;gq@{Eag{!yT}ﬁzo

h3

For a system of n elements,
K'—kZG'—_O =12
J J 9 J 9 9 eeey n

where

6 = (5] le et

h3

65= (1) {oet Je

This linear stiffness term is derived in Reference 3.

Kj=

36— 1445 +14452 12605 +7262  —36+144E —144E2
Il 4-245+3682  —12+ 608 — 7262
0 36— 1448 + 14482

(3.64)

(3.65)

(3.66)

(3.67)

24— 84% + 7282
8 — 36 + 3652
24+ 848 — 7262

16— 488 +3682 |

(3.68)

Note that only the upper triangular components are shown due to symmetry.

20
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4 -6 2
12 -6
4

The global differential matrix is calculated as follows.

vt

LLt=

65— 68>

28 - 382
—6 E+682

| —1+45-387 |

all al2 al3
a22 a23
a33

_[6§—6§2 263t _6 Er6E2 —1+4§—3g2}

al4
a24
a34
a44

all= (6&— 6&2)(653 - 6&2]

all=36£2 —7283 + 3684

al2 = (6&— 6&2)(%— 3§2j

al2 = 1262 —3083 +18¢%

al3 = (6&— 6&2)(—6§+6§2j

21

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)



al3 = —3682 + 7283 3684

ald = (6&,— 6&2)(—1 +4E —3§2j

ald =— 68+ 687 + 2452 — 248> — 188> +18¢%

al4 =— 65 +3057 - 423 +18%
a22=(26-367 ) 26 - 382

a22 =452 1283 + og*
(58 ko)
a23 = -128% +3083 ~ 182
- s

a24 = 26 + 362 + 862 — 1283 — 63 o9&t

a24 = 28 + 1162 — 183 + 9&*

a33 = (—6§+6§2)(—6§+6§2)
a33 = 3652 — 7283 4 368

a34 = (— 6E + 6&2)(—1 +4E —3§2j

a34 =68 — 652 — 2482 12483 41883 — 188

22

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)

(3.91)



a34 =68 — 3062 + 4283 —18¢% (3.92)

a44=[—1+4§—3§2J(—1+4§—3§2) (3.93)
ad4 =1- 48 +382 — 48 11682 — 1283 + 362 1283 + ot (3.94)
ad4 =18 +2282 — 2483 1ot (3.95)
Recall
G - (D) {L’L‘T }dg (3.96)
J- h 0 - —
jl [all } d&= jl {36&2—72§3+36<‘,4} de (3.97)
0 0
I 3 opd 51
Io {all } &= {12& —18E™ +(36/5)E }0 (3.98)
jé {all } d&= 12-18+(36/5) (3.99)

fé {all }dg= — (3.100)
Jo (a2} ae= [ {12§2—30§3+1gg4}dg (3.101)
0 0

fé {a2 } dg= 4§3—(15/2)§4+(18/5)E_,5E) (3.102)
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jé [al2 } d&= 4-(15/2)+(18/5)

1 1
Jo {a12 } d&= m

Vras bae= [F 1 -36e2 47283 2364 | ae
Jo 0

1
jé {a13 } dE= —12§3+18§4—(36/5)§5‘0

jé {al3 } d&€=-12+18—(36/5)

1 6
Io {a13} d§=—g

j(l){a14}d§ = é{— 68 + 3082 — 4283 +18§4}d§

Jolarada ={— 21083 -2 e +§§5H})
1 21 18
jo{a14}dg :{—3+10—7+?}

1 1
J fat4}ae =5

jé [a22 } dt= jé {4&2—12§3+9§4}d§

24

(3.103)

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)

(3.111)

(3.112)

(3.113)



1 1
fo {a22 } d&= {(4/3)&3—3&4+(9/5)g5 Ho

fé {a22 } dg= (4/3)-3+(9/5)

1 2
o ta22}de= =

jé [a23 )} de= jé {—12§2+30§3—18§4 }d§
1 1
fo {a23 } d&= %4§3+(15/2)E_,4—(18/5)§5H0
fé {a23 } d&=-4+(15/2)-(18/5)

1 1
o {a23} dg =~

Vrasa vae= [ —2ecnig2 —1se3 +0e? | ae
Jo 0

jé {a24 } de= {—&2+(11/3)§3—(9/2)g4+(9/5)§5 }L

f(l, {a24 } dg= {-1+(11/3)-(9/2)+(9/5) }

Ié {a24 } d&= -1/30

25

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)

(3.124)



brasslae=(' 13662 -7283 +362% | at
Jo Jo

1 P S s\t
Io [a33} dg_{lza —18E7 +(36/5) Ho
jé [a33 } dE=12-18+(36/5)

jé [a33 } d&=6/5
jl [ a34} d&,:jl {6&,—30&,2+4zg3—18§4 }di
0 0
1 1
Jo {a34 ] d&z{3&2—10§3+(21/2)§4—(18/5)§5 Ho

Ié { a34 } dg={3-10+(21/2)-(18/5) }

j(l) {a34 } d&=-1/10

jé [ ad44 } dz;,:jé { 1-8E +2282 — 2483 yo&t }d&

1

[ {4} dg=| g-ae2 4298 — 62+ 0/5)E Ho

26

(3.125)

(3.126)

(3.127)

(3.128)

(3.129)

(3.130)

(3.131)

(3.132)

(3.133)

(3.134)



jé {a44 } dE={ 1-4+(22/3)-6+(9/5)} (3.135)

jé [a44 } dE=2/15 (3.136)

6
5

5 10
15
(3.137)
36 3 36 3
Gj = Lj 4 -3 -l (3.138)
30h 36 -3
4

The linear stiffness matrix in equation (3.69) and the global differential matrix in

equation (3.138) can be assembled to form global stiffness matrices for the generalized
eigenvalue problem in equation (3.65).
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As an example, consider the fixed-free column in Figure 3.2, with length L. Divide the
column into eight elements of equal length. Assemble the global linear stiffness and
global differential matrices. Then solve for the first eigenvalue using a numerical method
such as the Jacobi method.

-+

U

Figure 3.2

The mode shape corresponding to the first eigenvalue is shown in Figure 3.3.

28



BUCKLING MODE SHAPE
FIXED-FREE COLUMN WITH APPLIED LOAD AT FREE END

10 T
9 i
8 i
7r 4
6 i
(]
e}
@]
pd
5F -
4+ i
3F -
2F -
1
0
Deflection
Figure 3.3
The first eigenvalue is
2
Fer b7 = 0.038543 (3.139)
EI
Per = 0.038543— (3.140)
h2
h=L/8 (3.141)
EI
P.y = 0.038543 5 (3.142)
(L/8)

29



EI
Por = 2467 — (via finite element method) (3.143)

12

The theoretical value from References 1 and 2 is

EI
P =B L o4 Bl (theory) (3.144)
412 12

Thus, the finite element method yields the exact answer to three decimal places.

Lower End Fixed, Upper End Free Column with Distributed Body Weight Load

Figure 4.1

30



Model the column in Figure 4.1 with eight elements and nine nodes.

Let
P=qL 4.1

Model the distributed body load as a series of discrete nodal forces as shown in Figure
4.2.

9 @ 1
5 * 0.5P/64
7 @ | 2P/64
6 @ | 4P/64
5 @ | 6Pl
40 1 8p/ed
3 @ — 10P/64
? ® - 12P/64
e 1 14pes
7.5P/64

Figure 4-2.
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Thus, each element will have a unique different stiffness matrix Gj.

The mode shape corresponding to the first eigenvalue is shown in Figure 4.3.

BUCKLING MODE SHAPE
FREE-FIXED COLUMN WITH DISTRIBUTED BODY LOAD

10 T

Node

0

Deflection

Figure 4.3
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The first eigenvalue is

2
Per W™ _ .94806
EI
Por = 0.94806—
h2
h=L/8
EIl
Py = 0.94806 5
(L/8)
EIl
L
EIl .
(QL)er = 7.584—2 (finite element value)
L

The theoretical value from Reference 1 is

. EIl
L2

(qL)cr

The finite element value is thus 3.2% lower than the theoretical value.
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